Superconductivity is one of the most fascinating quantum states of matter and the search for new unconventional superconductivity has been at the forefront of the research of strongly correlated materials. Here, by employing unbiased numerical methods, we show that pulse irradiation can induce unconventional superconductivity even in the Mott insulator of the Hubbard model. The superconductivity found here in the photo-excited state is due to the η-pairing mechanism, characterized by staggered pair-density-wave oscillations in the off-diagonal long-range correlation. Because of the selection rule, we show that the non-linear optical response is essential to increase the number of η-pairs and thus enhance the superconducting correlation in the photo-excited state. Our finding demonstrates that non-equilibrium many-body dynamics is an alternative pathway to access a new exotic quantum state that is absent in the ground state phase diagram.
Recent experiments have clearly demonstrated that the non-equilibrium dynamics can induce many intriguing phenomena in condensed-matter materials [1] [2] [3] [4] [5] . Among them, the most striking is the discovery of photoinduced transient superconducting behaviors in some of high-T c cuprates [6] [7] [8] and alkali-doped fullerenes [9, 10] . It has also been theoretically shown that superconductivity can be enhanced or induced by pulse irradiation in models for these materials [11] [12] [13] [14] . In these studies, the main focus is a photoinduced state with physical properties already present in the corresponding equilibrium phases. In the case of Mott insulator (MI), photoinduced insulator-to-metal transitions have been reported in time-resolved experiments for several transition-metal and organic-molecular compounds [15] [16] [17] [18] [19] . In the MI, the photoinduced metallic state has been recognized as a results of photo-carrier doping by creating doublon-holon pairs with no peculiar electronic states emerging [20] [21] [22] .
Here, we show that the pulse irradiation can induce superconductivity even in the celebrated MI of the Hubbard model. The photoinduced superconductivity is due to the η-pairing mechanism, forming on-site singlet pairing that exhibits, unlike conventional s-wave superconductivity, the staggered off-diagonal long-range correlation with a phase of π. Because of the selection rule, the nonlinear optical response is essential to increase the number of η-pairs and thus enhance the superconducting correlation. The superconductivity found here is absent in the ground state phase diagram and is induced neither by a change of the effective interaction of the Hubbard model nor the simple photo-carrier doping. Therefore, our finding opens a conceptually different possibility of unraveling and controlling excited states with intriguing properties by non-equilibrium many-body quantum dynamics, and also provides an alternative mechanism for enhancing superconductivity.
To demonstrate that superconductivity can be photoinduced in a Mott insulator, here we consider the halffilled one-dimensional (1D) Hubbard model at zero temperature. However, our finding does not depend on the spatial dimensionality (see Supplemental Material for two dimensional case [23] ). The model is described by the following Hamiltonian: whereĉ i,σ (ĉ † i,σ ) is the annihilation (creation) operator for an electron at site i with spin σ (=↑, ↓) and n i,σ =ĉ † i,σĉ i,σ . t h is the hopping integral between the nearest neighboring sites and U (> 0) is the on-site repulsive interaction. At half-filling, the ground state of the repulsive 1D Hubbard model is the MI with strong antiferromagnetic correlations.
A time(t)-dependent external field is introduced via the Peierls phase in the first term of Eq. (1) by t hĉ † i,σĉ i+1,σ → t h e iA(t)ĉ † i,σĉ i+1,σ [24] , where A(t) is the time-dependent vector potential, and the light velocity c, the elementary charge e, the Planck constant , and the lattice constant are set to one. We consider a pump pulse given as A(t) = A 0 e −(t−t0) 2 /(2σ 2 p ) cos [ω p (t − t 0 )] with the amplitude A 0 , the frequency ω p , and the pulse width σ p centered at time t 0 (> 0) [25] [26] [27] [28] [29] . With finite external field A(t), the Hamiltonian becomes time-dependent, H →Ĥ(t), and the equilibrium ground state ofĤ at t = 0 evolves in time, which is indicated here by |Ψ(t) . We employ the time-dependent exact diagonalization (ED) method for a finite-size cluster of L (even) sites with periodic boundary conditions (PBC) to solve the timedependent Schrödinger equation [23] . We set the hopping integral t h (t is also shown by the pink dashed line. (b) P (j, t) at t = 0 (blue circles) and t = 30/t h (orange squares). (c) Time evolution of the on-site pair structure factor P (q, t) (green circles) and the spin structure factor S(q, t) (red squares) at q = π. (d) P (q, t) at t = 0 (blue circles) and t = 30/t h (orange squares). The results are calculated by the ED method for L = 14 at U = 8t h . A(t) is adopted with A0 = 0.4, ωp = 8.2t h , σp = 2/t h , and t0 = 10/t h .
number N of electrons to be L at half-filling.
Enhancement of the double occupancy n d (t) = 1 L i Ψ(t)|n i,↑ni,↓ |Ψ(t) has been already reported in photo-excited states of the MIs [28, [30] [31] [32] . Here, we find a significant increase of the superconducting pair correlation for the on-site singlet pair∆ i =ĉ i,↑ĉi,↓ after the pulse irradiation in the MI. Figure 1(a) shows the time evolution of the real-space pair correlation function defined as
. Notice that P (j, t) at j = 0 corresponds to the double occupancy, i.e., P (j = 0, t) = 2n d (t). We thus confirm the enhancement of the double occupancy n d (t) by the pulse irradiation. Surprisingly, P (j = 0, t) is also enhanced significantly by the pulse irradiation and oscillates with the opposite phases between odd and even sites.
As shown in Fig. 1(b) , the pair correlation after the pulse irradiation extends to longer distances over the cluster, while the pair correlation is essentially absent in the initial MI state before the pulse irradiation. It is also clear that the sign of P (j, t) alternates between neighboring sites, similar to a density wave, and accordingly the pair structure factor P (q, t) = j e iqRj P (j, t), where R j is the location of site j, shows a sharp peak at q = π [see Fig. 1(d) ]. The time evolution of P (q, t) and the spin structure factor S(q, t) [33] is also calculated at q = π in Fig. 1(c) . The antiferromagnetic correlation S(π, t) is suppressed by the pulse irradiation, while the pair correlation P (q = π, t) is strongly enhanced despite that it is exactly zero before the pulse irradiation. As shown in Supplemental Material [23] , our matrix product state calculations also find the large enhancement of the pair correlation even for larger chains that cannot be treated by the ED method. In order to identify the optimal control parameters for the enhancement of P (q = π, t), Fig. 2(a) shows the contour plot of P (π, t) after the pulse irradiation with different values of A 0 and ω p . Although the figure refers to P (π, t) at t = 30/t h , the values are almost identical with the time-averaged ones between 20/t h ≤ t ≤ 30/t h . For small A 0 , we find that the peak structure of P (q = π, t) as a function of ω p are essentially the same as the groundstate optical spectrum given by χ JJ (ω) = 1 L ψ 0 |Ĵδ(ω − H + E 0 )Ĵ |ψ 0 , where |ψ 0 is the ground state ofĤ with its energy E 0 andĴ = it h i,σ (ĉ † i+1,σĉ i,σ −ĉ † i,σĉ i+1,σ ) is the current operator [see Fig. 2(b) ]. This agreement is highly non-trivial and the reason will be clear in the later discussion. P (q = π, t) after the pulse irradiation is the highest at A 0 ∼ 0.4 and ω p ∼ 8t h (= U ). We should emphasize that the enhancement of P (q = π, t) cannot be explained simply by photo-doping of carriers into the MI or due to a dynamical phase transition induced by effectively varying the model parameters because there is no region in the ground state phase diagram of the Hubbard model, showing large on-site pairing correlations.
Instead, the behavior of the on-site pairs in the photoinduced state shown in Fig. 1 can be understood in terms of the so called η-pairing, a concept originally introduced by Yang [34] . In order to define the η-pairing, let us first introduce the following operators: η As a candidate of the photoinduced state which shows large P (q = π, t), we now consider the eigenstate generated from the lowest weight state (LWS) forη-operators. For this purpose, it is important to notice that [Ĥ,η
+η− ] = [Ĥ,η z ] = 0. Therefore, any eigenstate of the Hubbard HamiltonianĤ is also the eigenstate |η, η z ofη 2 andη z with the eigenvalues η(η + 1) and η z , respectively, whereη Following them, we can construct the eigenstate having N η η-pairs from the LWS with
. When |ψ Nη is generated from the vacuum state (a) On-site pair correlation function P (j) and (b) structure factor P (q) for the half-filled eigenstate |ψN η at U = 8t h with the different number of η-pairs Nη (≤ L/2). |ψN η is generated from the ground state |ψ with N 0 = 0, it corresponds to Yang's η-pairing state |φ Nη . At half-filling, |ψ Nη should contains L electrons and thus we consider |ψ Nη with N 0 = L/2 − N η . Therefore, in this case, |ψ Nη ∝ |η = N η , η z = 0 and hence
. As an example, we construct |ψ Nη from the ground state |ψ
, which is the LWS. Figure 3 shows the on-site pair correlation, P (j) and P (q), for |ψ Nη with different N η generated from |ψ (GS) N0,N0 . The sign alternating character in P (j) and the enhancement of P (q = π) are clearly observed. This is understood because
To elucidate the nature of the photoinduced state |Ψ(t) in terms of the η-pairs, we calculate the eigenenergies ε m and the structure factors P (q = π) for all the eigenstates |ψ m of the Hubbard HamiltonianĤ at half-filling. As shown in Fig. 4 (a), the structure factor P (q = π) for each eigenstate is nicely quantized. This is because each eigenstate |ψ m is also the eigenstate ofη 2 andη z , and the quantized values are given as In Fig. 4 (a), color of each point indicates the weight | ψ m |Ψ(t) | 2 of the eigenstate |ψ m in the photoinduced state |Ψ(t) that exhibits the strong enhancement of P (q = π, t) after the pulse irradiation [see the inset of Fig 4(a) ]. We find that the state |Ψ(t) after the pulse irradiation contains the non-zero weights of the eigenstates |ψ m with finite η [also see Fig. 4(b) ]. This is exactly the reason for the photoinduced enhancement of P (q = π, t). The Hubbard model itself has the eigenstates with P (q = π) = 0 and the photoinduced state |Ψ(t) captures the weights of those eigenstates. . The initial state before the pulse irradiation is at (ε, η) = (0, 0) . The current operatorĴ can induce the transition between states with ∆η = ±1 and ∆ε ∼ ±U , as indicated by arrows, assuming that ωp ∼ U , and thus the pulse irradiation eventually excites a series of states with non-zero η and ε (indicated by orange spheres).
The process of the enhancement of P (π, t) is explained as follows. Before the pulse irradiation, the initial state is the ground state of the Hubbard HamiltonianĤ with |η = 0, η z = 0 , i.e., the η singlet state [38] , and P (q = π) = 0. The pulse irradiation via A(t) breaks the commutation relation as [Ĥ(t),
] sin k, and this transient breaking of the η-symmetry stirs states with different values of η. After the pulse irradiation, the Hamiltonian again satisfies the commutation relation because A(t) = 0 but the state |Ψ(t) now contains components of |η = 0, η z = 0 , which enhance P (π, t).
More precisely, in the small A 0 limit, the external perturbation is expressed as A(t)Ĵ, whereĴ is the current operator defined above. We can show thatĴ is a rank one tensor operator with the zero-th component in terms of theη-operators [23] . Therefore, according to the WignerEckart theorem for the tensor operators [43] , there exists the selection rule such that η , η z |Ĵ |η, η z = 0 only for η = η ± 1 when η z = η z = 0 at half-filling. This implies that in the linear response regime the photoinduced state |Ψ(t) can contain the eigenstates |ψ m with η = 1 and the eigenenergies ε m ∼ U , assuming that ω p is tuned around U . This explains the good agreement between the optical spectrum χ JJ (ω) and P (q = π, t) found in Fig. 2(b) . At the second order, the photoinduced state |Ψ(t) can contain eigenstates |ψ m ofĤ with η = 2 and ε m ∼ 2U , as well as η = 0 and ε m ∼ 0 and 2U . Applying the same argument for higher orders, η-pairing eigenstates with even larger η values acquire in the transient period a finite overlap | ψ m |Ψ(t) | 2 with the photoinduced state. Considering all orders, eventually, the distribution of eigenstates |ψ m in the photoinduced state forms a "tower of states" shown schematically in Fig. 4(c) , which is indeed in good qualitative accordance with the numerical results in Fig. 4(a) (also see Supplemental Material [23] ). This also explains why the pulse irradiation is effective to induce η-pairs and the non linearity is essential to enhance the pair correlation. Note that the non-linear response is absent in the non-interacting limit [i.e., χ JJ (ω) = 0 for ω = 0], clearly showing the importance of electron correlations for the enhancement of superconductivity in this case.
Exactly the same argument can be applied to the twodimensional Hubbard model on the square lattice and indeed we have found the large enhancement of the on-site pairing correlation in the photoinduced state, similar to the 1D case [23] . Although the enhancement of the pair correlation in the photoinduced state is most effective at half-filling, it remains even away from half-filling [23] .
In conclusion, we have found that density-wave-like staggered superconducting correlations are induced by photo-exciting the MI ground state of the half-filled Hubbard model. The superconductivity is due to the η-pairing mechanism where the on-site singlet pairs display off-diagonal long range correlation with phase π, the fingerprint of the η-pairing state. We have shown that the non-linear optical response is essential to increase the number of η-pairs and hence enhance the superconducting correlation in a photo-excited state. The η-pairing states were originally introduced purely for the mathe-matical purpose to solve the Hubbard model analytically, and here we have demonstrated that the pulse irradiation can bring this objects into the real world to be observed experimentally.
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with the initial condition that |Ψ(t = 0) = |ψ 0 , where |ψ 0 is the ground state of the HamiltonianĤ(t = 0). For this purpose, we employ the time-dependent exact diagonalization (ED) method based on the Lanczos algorithm [S1, S2] . In this method, the time evolution with a short time step δt is calculated as
where ξ and |ψ are eigenenergies and eigenvectors of H(t), respectively, in the corresponding Krylov subspace generated with M L Lanczos iterations [S1-S3]. In our ED calculations, we adopt δt = 0.01/t h and M L = 15 for the time evolution, which provides results with almost machine precision accuracy.
One-dimensional (1D) Hubbard model with larger L: a MPS study

Method
In order to confirm the enhancement of the pair correlation in larger systems, we also perform the timedependent matrix-product state (MPS) [S4] simulation for the time evolution starting from the ground state of the Hubbard HamiltonianĤ calculated by the densitymatrix renormalization group method [S5, S6] . For the time evolution simulation, we employ the method proposed in Ref. [S7] , in which the time evolution operator is factorized as a compact form of the matrix product operator (MPO) representation. In this method, the higher order approximation for the time evolution operator with time step δt are formulated by introducing the additional set of time steps {δt 1 , δt 2 , · · · , δt n } with complex numbers in order to eliminate the unnecessary lowest order terms arisen from the MPO factorization. The resulting error is O(Lδt p ), where L and p denote the system size and the order of the approximation, respectively. Our calculation sets p = 3, which requires the additional n = 4 time steps, i.e., δt 1 = a+ib, δt 2 = a−ib, δt 3 calculate the ground state ofĤ for the initial state and m = 4800 for the time evolution of the L = 32 system under open boundary conditions (OBC). The time step δt is set to be δt = 0.01/t h . 3. η-pairing in the 1D Hubbard model for L = 14
Results
Figure S.1 shows the real-space on-site pair correlation function
As an example, Fig. 3 in the main text shows the onsite pair correlation P (j) and P (q) of the η-pairing eigenstate
for L = 10 simply because of the correspondence to Fig. 4 (a) calculated for the 10 site cluster. Here, we show supplementarily the results of P (j) and P (q) for L = 14 at half-filling in Fig. S.2 . The ground state |ψ
N0,N0 of the Hubbard HamiltonianĤ with N ↑ = N ↓ = N 0 = L/2 − N η is calculated by the ED method under periodic boundary conditions (PBC). Note that |ψ Nη is the eigenstate ofĤ at half-filling with N η η-pairs. As shown in Fig. S.2 , the density-wave-like pair correlation is largest for N η = L/2.
Hubbard model on the square lattice
In the main text, we focus on the 1D Hubbard model to demonstrate that the strong superconducting correlation can be induced in the Mott insulator (MI) by the pulse irradiation, and we show that the origin of this superconductivity is due to the η-pairing mechanism. Here, we show that exactly the same conclusion can be reached for the two-dimensional (2D) Hubbard model on the square lattice with only nearest neighbor hoppings.
Model and η-operators
The 2D Hubbard model is described by the following Hamiltonian:
where the sum i, j runs over all pairs of nearest neighbor sites i and j on the square lattice. Similarly to the 1D case, the totalη-operatorsη ± = jη ± j and η z = jη z j are defined in terms of the local operatorsη
jx+jyĉ j,↑ĉj,↓ , and η z j = 1 2 (n j,↑ +n j,↓ − 1), where the location of site j is given as R j = j x e x + j y e y and e x(y) is the unit vector along the x(y) direction. These operators satisfy the SU (2) The real-space on-site pair correlation function for the time-evolved state |Ψ(t) is defined as
where∆ Ri =ĉ i,↑ĉi,↓ and the pair structure factor in the momentum space is given as
Noticing that∆ Rj = (−1)
The pair structure factor P (q = π) for |η, η z is thus
Any eigenstate |η, η z can be constructed from the LWS |η, −η by repeatedly applyingη + becausê
Sinceη − |η, −η = 0 by definition, the LWS contains no η-pairs and P (q = π) = 0. Each time thatη + is applied from the LWS, the number of η-pairs increases by one, and the maximum number of η-pairs is obtained when η z = 0 (i.e., half-filling) for a given η, where η, η z = 0|η +η− |η, η z = 0 = η(η + 1) and the number of η-pairs is η.
The time-dependent external field is introduced in Eq. (S5) by t hĉ † i,σĉ j,σ → t h e −iA(t)·(Ri−Rj )ĉ † i,σĉ j,σ with the time-dependent vector potential A(t) = A(t)(e x +e y ) pointing along the diagonal direction and A(t) given in the main text. The current operatorĴ
whereĉ † j+eα,σ is the creation operator of an electron at the site located at R j + e α with spin σ. We can now show that
wherê
and
(S15) Therefore,Ĵ (q) α with q = 0, ±1 is a rank one tensor operator in terms ofη-operators. In particular, the current operatorĴ (0) α is a rank one tensor operator with q = 0 and hence there is the following selection rule:
is a rank one tensor operator with q = 0, while
. is a rank zero tensor operator, i.e., a scalar operator.
Although here we consider the 2D case, the extension to other spatial dimensions is straightforward.
Results
As shown above, any eigenstate ofĤ can be chosen to be an eigenstate ofη 2 andη z . Figure S .3(a) shows all the eigenenergies ε m ofĤ and the corresponding pair structure factors P (q) at q = π = (π, π) on a √ 10 × √ 10 cluster with PBC at half-filling. Indeed, as in the 1D case, P (π) is quantized as P (π) = 2η(η + 1)/L, where η (= 0, 1, · · · , L/2) corresponds to the number of η-pairs. As shown in Fig S.3(b) , the photoinduced state |Ψ(t) after the pulse irradiation displays non-zero overlaps with the eigenstates |ψ m ofĤ with η = 0. This is responsible for the large enhancement of P (π, t) in the photoinduced state |Ψ(t) [see the inset of Fig. S.3(a) ]. Since the current operator is a rank one tensor operator, we can again observe in Fig. S.3(a) a "tower of states" structure of the eigenstates |ψ m contributing to the photoinduced state |Ψ(t) with large weights | ψ m |Ψ(t) | 2 .
1D Hubbard model away from half-filling
We also examine the behavior of the photoinduced states in the 1D Hubbard modelĤ away from half-filling. Figure S .4 shows the time evolution of the pair correlation function P (j, t) calculated by the ED method for L = 12 with N ↑ = N ↓ = 5 (10 electrons in total) under PBC. Although the magnitude of P (j, t) is smaller than that for the case of half-filling, P (j, t) clearly shows a pair density wave like oscillation with the correlation extended up to the longest distance of the cluster. Therefore, the η-pairing correlation is induced in the photoexcited state in the Hubbard model even away from halffilling.
To elucidate the nature of the photoinduced state |Ψ(t) in terms of the η-pairs, we calculate the eigenen- Fig. S.5(a) , the structure factor P (q = π) for each eigenstate is nicely quantized. This is because each eigenstate |ψ m away from half-filling is also the eigenstate ofη 2 andη z . The quantized values are given as
Note that P (π) = 0 (no η-pair state) is characterized by the state with η = 1 because η z = −1 and this state is the LWS.
In Fig. S.5(a) , color of each point indicates the weight | ψ m |Ψ(t) | 2 of the eigenstate |ψ m in the photoinduced state |Ψ(t) that exhibits the enhancement of P (q = π, t) after the pulse irradiation [see the inset of Fig S.5(a) ]. We find that the state |Ψ(t) after the pulse irradiation contains the non-zero weights of the eigenstates |ψ m with finite P (π) [also see Fig. S.5(b) ]. Therefore, the reason for the enhancement of P (q = π, t) is the same as in the case at half-filling.
However, the distribution of the weight | ψ m |Ψ(t) | 2 after the pulse irradiation in Fig. S .5(a) is qualitatively different from that in the case at half-filling shown in Fig. 4(a) in the main text. For example, there is the finite contribution to the weight from the eigenstates with P (π) = 0 around ε m − ε 0 ∼ ω p , which is absent at halffilling. This is explained by the different selection rules of the current operatorĴ for the half-filled (η z = 0) and hole-doped (η z = 0) states. As mentioned in the main text and also in Sec. 4,Ĵ is a rank one tensor operator with the zero-th component in terms of theη-operators. Hence, from the Wigner-Eckart theorem [S9, S10] , the selection rule of η , η z |Ĵ |η, η z is given as
with the 3j-symbol. The 3j-symbol is zero unless η − 1 ≤ η ≤ η + 1 and η z − η z = 0 are satisfied. Therefore, η , η z |Ĵ |η, η z = 0 for η = η, η ± 1 when η z = η z = 0 for the hole-doped states. The result in Fig. S .5(a) follows this selection rule. However, when η z = η z = 0 for the half-filled state, the nonzero 3j-symbol must satisfy the additional rule: η + η + 1 = (even). Therefore, the excitation to the states with η = η is not induced byĴ at half-filling (η z = η z = 0), and η , 0|Ĵ |η, 0 = 0 only for η = η ± 1. The results at half-filling in Fig. 4 (a) in the main text and Fig. S.3 (a) follow this selection rule.
6. Perturbation analysis in the limit of large pulse width σp
In the large pulse width limit, i.e., σ p → ∞, the time-dependent vector potential is given as A(t) = A 0 cos [ω p (t − t 0 )]. Let us denote the time-dependent Hamiltonian with the time-dependent external field aŝ
whereĤ is the time-independent part of the Hamiltonian given by, e.g., Eq. (1) in the main text andV(t) is the time-dependent part of the Hamiltonian given aŝ V(t) = −t h j,σ e iA(t) − 1 ĉ † j,σĉ j+1,σ + H.c.. (S19)
Because A(t) becomes a periodic function of t in the limit σ p → ∞,V(t) can be expanded using Bessel functions of the first kind J µ (x) (µ: integer) [S11], i.e.,
Here we set t 0 = 0. It is important to notice in Eqs. (S20) and (S21) that the operatorK in the µ even terms is the kinetic (rank zero tensor) operator, i.e., K = −t h j,σ ĉ † j,σĉ j+1,σ +ĉ † j+1,σĉ j,σ ,
while the operatorĴ in the µ odd terms is the current (rank one tensor) operator, i.e., J = −it h j,σ ĉ † j,σĉ j+1,σ −ĉ † j+1,σĉ j,σ ,
as defined also in the main text. A time-dependent state |Ψ(t) governed byĤ(t) can be expanded as
where |ψ m (m = 0, 1, 2, · · · ) are the mth eigenstate ofĤ with the eigenenergy ε m . For simplicity, we assume that the ground state is not degenerate with ε 0 < ε 1 ≤ ε 2 ≤ · · · . By using the time-dependent perturbation theory, the coefficient c m (t) is obtained as the sum over terms c 
Assuming that the initial state at time t i = −∞ is the ground state |ψ 0 ofĤ, c 
whereV I (t) = e iĤtV (t)e −iĤt [S9] . Because of Eq. (S20), 
Therefore, we obtain for t → ∞ that 
where γ → 0 + is a convergence factor. It is now obvious from the delta function in Eq. (S29) that the coefficients c m10 should involve the odd number of excitations induced by the current operatorĴ. In the case of half-filling, combining this with the selection rule in Eq. (S17) yields that the η odd excitations are possible if and only if ε m − ε 0 = (2ν + 1)ω p . Similarly, the η even excitations are possible if and only if the ε m − ε 0 = 2νω p at half-filling. These are in accordance with the "tower of states" structure shown schematically in Fig. 4(c) in the main text.
